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Ž .The class semigroup of a commutative integral domain R is the semigroup S R
of the isomorphism classes of the nonzero ideals of R with operation induced by
Ž .multiplication. A domain R is said to be Clifford regular if S R is a Clifford
Ž .semigroup, i.e. S R is the disjoint union of the subgroups associated to the
idempotent elements. In this paper we characterize the noetherian and the
integrally closed Clifford regular domains and find some properties of an arbitrary
Clifford regular domain.  2001 Academic Press
Key Words: Clifford semigroup; stable domains; Prufer domains; finite character.¨
INTRODUCTION
The notion of the class group of a commutative domain is a classical one
and it is one of the major objects of investigation in commutative algebra.
Ž .The class group C R of a domain R consists of the isomorphism classes
of the invertible ideals of R. We generalize this notion by considering the
Ž .class semigroup S R of R consisting of the isomorphism classes of all the
nonzero ideals of R. Throughout, R will denote a commutative domain.
Ž .Let F R denote the semigroup of the nonzero fractional ideals of R; it
Ž .contains the group P R of principal ideals. Then the class semigroup
Ž . Ž . Ž . Ž .S R of R is the factor semigroup F R P R . S R contains as a
Ž . Ž .subgroup the class group of R, and S R coincides with C R if and only
if R is a Dedekind domain.
Ž .We focus on the interesting situation where the semigroup S R is a
Clifford semigroup. Recall that a commutative semigroup S is a Clifford
1 This research is supported by the Ministero dell’Universita e della Ricerca Scientifica e`
Technologica.
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Žsemigroup if every element a of S is regular in the sense of von
. 2Neumann , i.e., a a x for some x S .
Ž  .It is well known see 8, Chap. IV that the subsemigroup of S
consisting of the regular elements is the disjoint union of groups G , wheree
e ranges over the idempotent elements of S ; here G denotes the largeste
subgroup of S with identity e:
 4G  ae  abe e for some b S .e
We say that a domain R is a Clifford regular domain if the class semigroup
Ž .S R of R is a Clifford semigroup. To understand the structure of the
class semigroup of a Clifford regular domain R, one has to describe the
Ž .idempotent elements of S R , the constituent groups associated to them,
and the bonding homomorphisms between those groups.
The first significant example of a Clifford regular domain is a valuation
 domain. In fact, in 7 , Salce and the author proved that the class semi-
group of any valuation domain is a Clifford semigroup whose constituent
groups are either trivial or groups associated to the idempotent prime
ideals P of R; these are described as quotients of the form , where 
is the value group of the localization R and  is the completion of  inP
the order topology. They are also called the archimedean groups of the
 localizations R . In 22 Zanardo and Zannier studied the class semigroupP
 of some orders in algebraic number rings, while in 4 the author consid-
 ered the case of a Prufer domain. In 4 we proved that, if a Prufer domain¨ ¨
has finite character, i.e., if every nonzero ideal is contained only in a finite
number of maximal ideals, then R is a Clifford regular domain; moreover,
 in 4 , it was also proved that for wide classes of Prufer domains, the finite¨
   character condition is equivalent to the Clifford regularity. In 5 and 6
we considered the case of a Prufer domain R of finite character, and we¨
Ž .gave a description of the idempotent elements of S R and of their
associated groups. The idempotents are shown to be either the isomor-
phism classes of fractional overrings with associated group the class groups
of the overrings, or the isomorphism classes of products P  P  P D,1 2 n
where the P ’s are idempotent prime ideals of R, and D is a fractionali
overring of R. In this latter case the group associated is an extension of
the direct product of the archimedean groups of the localizations R byPi
means of the class group of D.
In this paper we characterize completely the class of the integrally
closed Clifford regular domains, proving that it coincides with the class of
the Prufer domains of finite character. Moreover, we outline an interesting¨
relation between Clifford regularity and stability in the method we are
going to describe.
CLIFFORD REGULAR DOMAINS 705
An ideal of a commutative ring is said to be stable provided it is
projective over its endomorphism ring, and a ring R is said to be stable if
every ideal of R is stable. The notion of stability was first introduced in the
noetherian case with various different definitions which turned out to be
Ž  equivalent in the case of a local noetherian ring. See 17 for bibliographi-
.cal notes about stability. The noetherian stable rings were extensively
 investigated by Sally and Vasconcelos in two papers 20, 21 . Recently
Olberding has described the structural properties of an arbitrary stable
 domain. In 17, 18 he proves that a domain is stable if and only if it is of
finite character and locally stable; moreover, he classifies the quasilocal
stable domains as pullbacks of one-dimensional stable domains and strongly
 discrete valuation domains. Rush, in 19 , considered the class of rings
having the property that every finitely generated ideal is stable. Following
Olberding’s terminology we will say that a domain R is finitely stable if
every finitely generated ideal of R is stable or equivalently if every
nonzero finitely generated ideal of R is invertible as an ideal of its
endomorphism ring.
We observe that the class of Clifford regular domains is properly
intermediate between the class of finitely stable domains and the class of
Ž .stable domains see Section 6 . In particular, the integral closure of a
Clifford regular domain is a Prufer domain. Moreover, we obtain that a¨
noetherian domain is Clifford regular if and only if it is a stable domain.
Thus a characterization of the class of Clifford regular domains is achieved
in the classical cases of noetherian and of integrally closed domains.
Regarding the general case we leave open the question of determining
whether Clifford regularity always implies finite character, but we are able
to show that the finiteness property is a necessary condition for a wide
class of Clifford regular domains.
Other interesting concepts related to Clifford regularity are the local
inertibility property and the local stability property. More precisely we say
Ž .that a domain has the local invertibility stability property if every locally
Ž . Ž .  invertible stable ideal is invertible stable . In 4 we considered the
problem of determining whether, for a Prufer domain, the local invertibil-¨
ity property is equivalent to the finite character condition. We proved that
this is true in the case where the Prufer domain satisfies some additional¨
conditions. The restrictions considered are weak in the sense that they are
satisfied by a large range of Prufer domains, but the question of whether a¨
Prufer domain with the local invertibility property is necessarily of finite¨
character is still open.
In this paper we show that if a Prufer domain R has the local invertibil-¨
ity property and the same property is satisfied by the endomorphism rings
of the branched prime ideals of R, then R is of finite character. Here the
connection with Clifford regularity plays a role. In fact we observe that a
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Clifford regular domain R has the local stability property; thus if R is also
integrally closed, then it has the local invertibility property. Moreover,
every fractional overring of R which is Clifford regular has again the local
invertibility property; in this way we obtain that an integrally closed
Clifford regular domain is a Prufer domain of finite character.¨
As a consequence of the characterizations obtained in Sections 3 and 4,
we note that if R is a Clifford regular domain which is either noetherian
or integrally closed, then the same holds for every overring of R. Thus for
the two classes of noetherian or integrally closed domains, Clifford regu-
larity is an ascent property. The problem of determining whether the
ascent property holds in the general case seems difficult. An affirmative
answer would prove immediately that any Clifford regular domain R is of
finite character. In fact its integral closure would be Clifford regular and
hence of finite character, and a finitely stable domain is of finite character
if and only if the same is true for its integral closure.
1. PRELIMINARIES AND NOTATIONS
Throughout R will denote a commutative domain and Q its field of
quotients. For R-submodules A and B of Q, A : B is defined as follows:
 4A : B qQ  qB A .
A fractional ideal F of R is an R-submodule of Q such that R : F 0. By
Ž .an overring of R is meant any ring between R and Q. Max R and
Ž .Spec R denote the sets of maximal and prime ideals of R, respectively.
Ž . Ž .For any ideal I of R,  I stands for the subset of Max R consisting of
the maximal ideals of R containing I. We extend this notation to the case
Ž .of a fractional ideal F of R, by saying that  F consists of the maximal
ideals m of R such that the localization FR satisfies FR  R .m m m
Ž .We say that a domain R is of finite character if  I is a finite set for
Ž .every nonzero ideal I of R. If P is any property, we say that a fractional
Ž .ideal F of R satisfies P locally if each localization FR of F at am
Ž .maximal ideal m of R satisfies P .
Recall that a commutative semigroup S is a Clifford semigroup if every
element a of S is von Neumann regular, i.e., a a2 x for some x S . In
this case S is the disjoint union of the groups associated to the idempo-
tent elements. In fact, if a a2 x in S , then e ax is an idempotent of
S , aG , where G denotes the subgroup of S :e e
 4G  ae  abe e for some b S ,e
and groups associated to distinct idempotents are disjoint. If S is a
Clifford semigroup and a a2 x for some a, x S , we say that ax is the
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idempotent associated to a. Moreover, the subsemigroup of S consisting
of the idempotent elements has a natural partial order defined by e	 f if
and only if ef e. Clearly e
 f ef , and thus the semigroup of the
idempotent elements is a 
 semilattice under this order. If e	 f , the
multiplication by e induces a group homomorphism  f: G G callede f e
the bonding homomorphism between G and G .f e
 For every nonzero ideal I of R, I will denote the isomorphism class of
Ž .I. S R is a Clifford semigroup if for every nonzero ideal I of R there
   2  exists a fractional ideal X of R such that I  I X .
 If D is any fractional overring of R, then D is an idempotent element
Ž .  of S R , and the group G associated to D is exactly the class groupD 
Ž .C D of D.
DEFINITION 1. A commutative domain R is said to be Clifford regular
Ž .if the class semigroup S R of R is a Clifford semigroup.
The following two results will frequently be used in the sequel.
    Ž .LEMMA 1.1 4, Lemma 1.1 . I is a regular element of S R if and only
2Ž 2 .if I I : I  I.
PROPOSITION 1.2. Let I be an ideal of R with endomorphism ring E I : I.
  Ž . 2Assume that I is a regular element of S R , i.e., I X I for some
Ž .fractional ideal X of R. Let T I E : I ; then the following hold:
  Ž .  1. IX T and T is the idempotent of S R associated to I .
2. T is an idempotent ideal of E and IT I.
3. E T : T E : T
2 2 2 2Ž 2 .Proof. 1. I X I implies X I : I and thus I I X I I : I 
2Ž . 2Ž . Ž .I; hence I E : I  I. Now we can write IX I E : I X I E : I as
 claimed. 2 and 3 are proved in 4, Proposition 2.1 .
2. BASIC PROPERTIES OF CLIFFORD REGULAR
DOMAINS
Ž .For every nonzero ideal I of R, let E I  I : I be the endomorphism
Ž .ring of I. The trace ideal of I in E I is the sum of the images of the
Ž . Ž 2 .  homomorphisms of I into E I , namely I I : I . By Proposition 1.2, I is
Ž .a regular element of S R if and only if IT I, where T is the trace ideal
Ž 2 .I I : I .
 LEMMA 2.1. Let I be a nonzero finitely generated ideal of R. I is a
Ž .regular element of S R if and only if I is an inertible ideal of its
endomorphism ring.
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 Proof. The regularity of I implies that there exists a fractional ideal
X of R such that I 2 X I. Since I is finitely generated we can assume that
Ž .X is finitely generated. Moreover, we have IX	 I : I E I , and thus IX
Ž .is an idempotent finitely generated ideal of E I ; then it follows that IX
Ž . Ž  .coincides with E I see, for instance, 10, Corollary 6.4 . We conclude
that I is an invertible ideal of its endomorphism ring. Conversely, if I is an
Ž 2 .invertible ideal of its endomorphism ring, then the trace ideal I I : I
Ž .  coincides with E I and thus I is regular.
Recall that an ideal of a commutative domain is said to be stable
provided it is projective, or equivalently invertible, as an ideal of its
endomorphism ring, and R is said to be stable if every nonzero ideal of R
is stable.
The next result relates stability and Clifford regularity.
PROPOSITION 2.2. A stable domain is Clifford regular.
Ž 2 .Proof. An ideal I is stable if and only if the trace I I : I of I in its
endomorphism ring coincides with I : I. Hence the conclusion follows by
the remark at the beginning of this section.
 Rush, in 19 , considered the class of rings having the property that every
 finitely generated ideal is stable. Following Olberding’s terminology in 17 ,
we will say that a domain R is finitely stable if every nonzero finitely
generated ideal of R is stable.
The following result is an immediate consequence of Lemma 2.1.
PROPOSITION 2.3. A Clifford regular domain is finitely stable.
We list now some properties of a Clifford regular domain.
LEMMA 2.4. A fractional oerring of a Clifford regular domain is again
Clifford regular.
Proof. Obvious.
LEMMA 2.5. If R is a Clifford regular domain and S is a multiplicatiely
closed subset of R, then R is a Clifford regular domain.S
2Ž 2 .Proof. Localizing the equality I I : I  I at S we obtain that X
2 2Ž .I : I is a fractional ideal of R such that I X I .S S S S
We recall the notion of L-stability introduced by Lipmann.
DEFINITION 2. An ideal I of a domain R is said to be L-stable if
Ž n n.I : I I : I , and R is said to be L-stable if every ideal of R isn
L-stable.
LEMMA 2.6. A Clifford regular domain is L-stable.
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Ž n n.Proof. The inclusion I : I I : I is always satisfied. Let qQn
2 2 2Ž 2 .be such that qI  I ; then the equality I I I : I implies that qI I,
n nand, analogously, I : I  I : I for every n.
We outline some properties satisfied by the trace of an ideal of a
Clifford regular domain.
LEMMA 2.7. Let R be a Clifford regular domain and let D be any oerring
of R. If I is an ideal of R and T denotes the trace of I in its endomorphism
ring, then TD is the trace of ID in its endomorphism ring.
Ž 2 .Proof. We have T I I : I and IT I, since R is Clifford regular.
2 Ž 2 . Ž .Hence ID I D I : I , and by Proposition 1.2 1 , we conclude that
Ž 2 . Ž 2 .ID I: I is equal to ID ID : I D , which coincides with the trace of ID in
its endomorphism ring.
The next result is useful in reducing the problem of the characterization
of a Clifford regular domain to the local case: it states that a domain is
Clifford regular if and only if it is locally Clifford regular and the trace of
any ideal in its endomorphism ring localizes.
PROPOSITION 2.8. Let R be a commutatie domain. The following are
equialent:
1. R is a Clifford regular domain.
2. For eery maximal ideal m of R, R is a Clifford regular domain,m
Ž Ž 2 .. Ž 2 .and for eery ideal I of R, I I : I  I I : I , i.e., the trace of them m m m
localization I in its endomorphism ring coincides with the localization at mm
of the trace of I in its endomorphism ring.
3. For eery ideal I of R and any maximal ideal n of the endomorphism
Ž Ž 2 .. Ž 2 .ring E of I, E is a Clifford regular domain and I I : I  I I : I .n n n n n
Proof. 1 2. R is Clifford regular by Lemma 2.5. The hypothesism
2Ž 2 . 2Ž 2 .I I : I  I implies I I : I  I for every maximal ideal m of R. Bym m m
Ž . Ž 2 .applying Proposition 1.2 1 to the domain R , we infer that I I : I m m m
Ž 2 .I I : I .m m m
2Ž 2 .2 1. Let I be an ideal of R. We show that I I : I coincides
2Ž 2 .with I by verifying the equality locally. By hypothesis I I : I coincidesm m
2Ž 2 .with I I : I and also with I by the Clifford regularity of R ; hencem m m m m
we conclude.
1 3. E is a fractional overring of R and hence is Clifford regular.
Thus 3 follows by the implication 1 2 applied to E.
3 1. Same proof as in the implication 2 1.
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3. THE NOETHERIAN CASE
In this section we characterize the noetherian Clifford regular domains.
The characterization is easy after the results proved in the preceding
section.
THEOREM 3.1. A noetherian domain is Clifford regular if and only if it is
stable.
Proof. The proof follows immediately by Propositions 2.2 and 2.3.
The noetherian stable rings have been extensively studied by Sally and
 Vasconcelos in two papers 20, 21 . We recall here some of the results they
proved.
Ž .a A stable noetherian ring has Krull dimension at most 1.
An ideal of a ring is said to be two-generated if it can be generated by
two elements.
Ž .b If every ideal of a domain R is two-generated, then R is stable.
Ž .c If R is a noetherian domain and the integral closure R of R is a
finitely generated R-module, then R is stable if and only if every ideal of
R is two-generated.
Ž . d The domain constructed by Ferrand and Raynaud in 9, Proposi-
tion 3.1 is an example of a noetherian local stable domain admitting
non-two-generated ideals. This domain is not Gorestein, and, moreover, it
Ž  does not admit a canonical ideal. See 12, 15 for explanations of the
.terminology.
An interesting class of noetherian domains is the class of Gorenstein
Ždomains. We will now characterize the Clifford regular equivalently
. Ž .stable noetherian Gorenstein domains. Since A : B  A : B , for everyS S S
finitely generated B and every multiplicative set S, it is clear that a
noetherian domain is stable if and only if it is locally stable. Moreover,
since a noetherian stable domain is of Krull dimension one, it is enough to
consider only the case of a local Gorenstein domain of dimension one.
 By Bass’ results in 2 the class of local Gorenstein domains of dimen-
sion one coincides with the class of local noetherian diisorial domains,
where a domain R is said to be diisorial if for every nonzero ideal I of R,
Ž .R : R : I  I. The characterization is the following.
THEOREM 3.2. Let R be a diisorial local noetherian domain with maxi-
mal ideal m. The following conditions are equialent:
Ž .1. R is Clifford regular or stable .
2. m is an inertible ideal of m : m.
3. Eery ideal of R is two-generated.
4. m : m is a diisorial domain.
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Proof. 1 2. Trivial since m is stable.
 2 3 Follows by 20, Proposition 2.3 .
The implication 3 1 is always true.
  ŽThe equivalence between 3 and 4 is proved in 14, Theorem 57 it is
.the equivalence between 1 and 3 in that theorem .
 3 5 EXAMPLE 3.3. The domain R k x , x is an example of a nonstable
divisorial local noetherian domain with finitely generated integral closure.
 3 5 7 In fact, m is not invertible over m : m k x , x , x .
To know the structure of the class semigroup of a noetherian domain,
we describe its idempotent elements and the groups associated to them.
PROPOSITION 3.4. Let R be a noetherian domain. The idempotent ele-
Ž .ments of S R are the isomorphism classes of the fractional oerrings of R,
and the groups associated to the idempotents are the class groups of the
fractional oerrings of R.
 Proof. Let F be a nonzero fractional ideal of R such that F is an
Ž . 2idempotent element of S R . Then F is finitely generated, and F  qF,
for some qQ, implies that q1F is idempotent. Thus, without loss of
generality we can assume that F is idempotent. F is then an ideal of its
endomorphism ring D F : F; hence F coincides with D, since it is a
finitely generated idempotent ideal of D. By definition of the group
associated to an idempotent, it is clear that the group G is the classD 
Ž .group C D of D.
Thus the class semigroup of a noetherian Clifford regular domain is
described as follows.
COROLLARY 3.5. Let R be a noetherian Clifford regular domain. The class
Ž .semigroup S R of R is the disjoint union of the class groups of the fractional
oerrings of R. The bonding homomorphisms between the groups are induced
by extending ideals to oerrings.
Proof. Only the statement about the bonding homomorphism needs to
   be verified. Assume E, D are fractional overrings of R such that D 	 E ,
namely ED. By definition, the bonding homomorphism  E : G D  E 
 4G is induced by the multiplication by D. Hence, if I is an invertibleD 
E Ž .  ideal of E, then  I  ID and ID is the extension of I at D.D 
4. THE INTEGRALLY CLOSED CASE
The main result of this section is Theorem 4.5, which states that an
integrally closed domain is Clifford regular if and only if it is a Prufer¨
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domain of finite character. This characterization will be obtained after a
close investigation of the consequences of the local invertibility property.
First, we observe the following.
LEMMA 4.1. An integrally closed Clifford regular domain is a Prufer¨
domain.
Proof. If I is a finitely generated ideal of R, then the endomorphism
Ž  .ring of I is R, since R is integrally closed see 10, Proposition 34.7 .
Hence, by Proposition 2.3, I is invertible and thus R is a Prufer domain.¨
 In 7 it is proved that any valuation domain is Clifford regular. Hence in
this section we will consider nonlocal Prufer domains.¨
DEFINITION 3. A domain R is said to have the local inertibility property
if every locally invertible ideal is invertible.
 In 4 we proved that a Clifford regular Prufer domain has the local¨
invertibility property. We give here an alternative simpler proof of this
fact.
LEMMA 4.2. A Clifford regular domain R has the local inertibility
property. In particular, if an ideal of R is locally principal as an ideal of its
endomorphism ring, then it is stable.
 Proof. In 1 it is proved that an ideal of a ring is cancellative if and
only if it is locally a regular principal ideal. Thus a locally invertible ideal I
of a domain is a cancellation ideal. If R is a Clifford regular domain and I
2Ž 2 . Ž 2 .is a locally invertible ideal, then I I : I  I implies R I I : I by
cancellation, i.e., I is invertible. The second statement is obtained by
applying the above result to the Clifford regular domain I : I.
 We list now some of the results proved in 4 which will be used in the
sequel.
Ž . Ž .Let R be any domain. Denote by T R the subset of Max R consisting
of the maximal ideals m of R such that there exists a finitely generated
Ž .  4  ideal A of R with  A  m . In 11 Gilmer and Heinzer prove that if
Ž .R is a Prufer domain, then T R coincides with the set of maximal ideals¨
 Ž . 4m of R such that R  R  nMax R , nm .m n
Ž .  a 4, Lemma 4.1 Let R be a Prufer domain with the local¨
Ž .invertibility property. Then m T R if and only if m properly contains
 Ž . 4the union  m
 n  nMax R , nm , where m
 n denotes the
Žgreatest prime ideal of R contained both in m and in n. Recall that in a
Prufer domain the prime ideals contained in a maximal ideal form a¨
.chain.
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Ž .  b 4, Proposition 4.2 Let R be a Prufer domain with the local¨
invertibility property. Then every nonzero element of R is contained in at
Ž .most a finite number of maximal ideals belonging to T R .
Ž .  c 4, Proposition 4.5 Let R be a Prufer domain with the local¨
invertibility property. Then R satisfies the separation property, namely,
every prime ideal of R is a maximal ideal of its endomorphism ring.
Recall that a prime ideal P of a Prufer domain is branched if there¨
exists a prime ideal Q properly contained in P such that there are no
other prime ideals of R properly between P and Q.
LEMMA 4.3. Let R be a Prufer domain with the local inertibility property.¨
Ž .Let P be a branched prime ideal of R such that the endomorphism ring E P
of P has the local inertibility property. Then there exists a finitely generated
Ž . Ž .ideal A of R contained in P, such that  A  P .
Ž . Ž .Proof. Let E E P . By c above, R has the separation property;
 hence by 5, Corollary 2.8 , the maximal ideals of E are exactly P and the
ideals nE, where n is any maximal ideal of R not containing P. Moreover,
we have E  R and E  R . Thus P is a maximal branched ideal ofP P n E n
 4E; hence it properly contains the union  P
 n , where n vary over the
set of maximal ideals of E different from P. By assumption E satisfies the
local invertibility property; thus we can apply the above-mentioned prop-
Ž .  Ž . 4 erty a to E, obtaining R  R  nMax R , n P . By 11, Corol-P n
lary 2 this condition is equivalent to the existence of a finitely generated
Ž . Ž .ideal A of R contained in P satisfying the property  A  P .
As mentioned in the Introduction, the question of whether a Prufer¨
domain with the local invertibility property is of finite character is still
open, but we are able to answer the question in the affirmative under the
additional assumption that certain fractional overrings of R have the local
invertibility property.
THEOREM 4.4. Let R be a Prufer domain with the local inertibility¨
property. Assume that the endomorphism ring of any branched prime ideal of
R has the local inertibility property. Then R has finite character.
Ž .Proof. Let 0 x R; we must show that  x is finite. Suppose it is
Ž . Ž . Ž .not finite; by b above there is a maximal ideal m x  T R . Then,
Ž .by a , m is the union of the infinite totally ordered set of prime ideals
 Ž . 4  4m
 n  nMax R , nm . Choose a cofinal subset P of the set  
 Ž . 4m
 n  nMax R , nm indexed by a cardinal  . We may assume
that, for any  	  , P  P , x P , and m P . Let S  	     
 Ž . 4nMax R  n
m P , and, for every   , choose n  S . Then  
 P  n ; hence, by a well-known result by Kaplansky 13, Theorem 11 , 
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there exist two prime ideals P and Q satisfying 
P  PQ  n ,   
such that there is no prime ideal properly between P and Q . We claim 
that
 for every  	 , Q and Q are not comparable.Ž .  	
Without loss of generality we may assume  	. Assume Q Q . 	
Then Q  n ; hence Q and P are comparable. It cannot be Q  P ; 	  	  	
otherwise Q m would imply m
 n Q  P , a contradiction. Thus   
P Q , implying that P  n ; hence m
 n  P  P , which is again	  	   	 
a contradiction. Assume now Q Q , then Q  n , and thus P  n ,	  	  	 
implying that m
 n  P , a contradiction. 	
For every   , Q is a branched prime ideal of R; hence by hypothe-
Ž .sis, its endomorphism ring E Q has the local invertibility property. An
appeal to Lemma 4.3 yields the existence of a finitely generated ideal C
Ž . Ž .of R, contained in Q such that  C  Q . Note that Q m,   
since P Q ; hence we can choose an element a Q m. Consider   
the ideal I  P  a R; we claim that it is a finitely generated ideal of R.  
In fact, since R has the local invertibility property, it is enough to show
Ž that I is locally principal. This is achieved as in the proof of 4,
.Proposition 4.5 by noting that, for every maximal ideal n of R, I R  n
a R or I R  R , owing to the facts that R is a valuation domain and n  n n n
P is a prime ideal. Consider now the finitely generated ideal A  P   
Ž . Ž . Ž .a R C . We have C  A Q ; hence  Q  A  C        
Ž .   Q . We proceed now analogously to the proof of Proposition 4.2 in 4 .
Let BÝ A1. Since x P  A for every   , we have that    
xB R. Hence B is a nonzero fractional ideal of R, and we prove that it is
finitely generated by verifying that it is locally principal. First note that
A R  R , for every   , since a  A m. Thus also A1R  R m m    m m
and BR  R . Assume now that n is a maximal ideal of R such thatm m
there exists an   for which A R  R . We claim that for every n n
Ž . Ž .	  , A R  R . In fact we have n A  Q , and thus, for	 n n  
any 	  , Q cannot be contained in n, since Q and Q are not	  	
Ž . Ž . Ž .comparable, by  above. Thus n Q  A ; hence A R  R	 	 	 n n
 A1R . We conclude that for any maximal ideal n of R distinct from	 n
m, the localization BR coincides either with R or with A1R for atn n  n
most one   . Thus B is locally principal, hence finitely generated. So
now, we can write B A1  A1 for some    . This implies  i1 n
A1  A1  A1 for every   , and thus,  1 n
B1  A   A  A  1 n
 4since the A ’s are invertible ideals. Consider now n , for   , . . . ,  .  1 n
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n  A  A  A , and thus n  A for some i. Consequently n       1 n i
Ž . Ž . A  Q , where    , which is a contradiction, since Q and  i i i i
Ž .Q are not comparable, by  .
We can now state the main result of this section.
THEOREM 4.5. Let R be an integrally closed domain. Then R is Clifford
regular if and only if R is a Prufer domain of finite character.¨
 Proof. The sufficiency has been proved in 4, Theorem 2.14 . Assume R
is an integrally closed Clifford regular domain. By Lemmas 4.1 and 4.2, R
is a Prufer domain with the local invertibility property, and by Lemma 2.4,¨
every fractional overring of R has the same properties. Thus the conclu-
sion follows by Theorem 4.4.
The idempotent elements and the constituent groups of the class semi-
group of a Prufer domain of finite character have been characterized by¨
 the author in 5, 6 .
5. THE GENERAL CASE
The problem of characterizing a Clifford regular domain in the general
case is far from being solved. In this section we describe the idempotent
elements of a Clifford regular domain of finite character, and we prove
some partial results regarding the necessity of the finite character condi-
tion for a Clifford regular domain.
LEMMA 5.1. Let R be a Clifford regular domain and let T be an idempo-
Ž .tent fractional ideal of R. If E End T and J is any ideal of E containing T ,
then J is idempotent and E : J E. Moreoer, if J is a prime ideal of E, then
it is maximal.
Proof. Clearly T is an ideal of E and E : T E E : J. Thus J : J E
2Ž . E : J, and by the hypothesis on R we must have J J E : J ; hence J
is idempotent. Now let J be a prime ideal of E and assume m is a
maximal ideal of E containing J. If there exists an element rm  J,
then by the previous argument, J rE is idempotent; hence it coincides
with J r 2E. Thus there exist s E and j J, such that r r 2s j,
Ž .r 1 sr  J. Since J is prime we conclude that 1 rs Jm, which is
a contradiction because rm.
The preceding lemma allows us to describe the idempotent elements of
a Clifford regular domain of finite character.
LEMMA 5.2. Let R be a Clifford regular domain of finite character and let
Ž .T be an idempotent fractional ideal of R. If E End T , then either T E
or T is a product of idempotent maximal ideals of E.
S. BAZZONI716
Proof. Assume T is a proper ideal of E. We first show that T is a
radical ideal, i.e., it coincides with its radical ideal. We verify that if r is an
element of E such that r n T , then also r T. By Lemma 5.1, T rE is
idempotent; hence r T r nE T. Thus T is the intersection of the
prime ideals of E containing T , and these prime ideals must be idempo-
tent maximal ideals of E, by Lemma 5.1 again. Since R is finitely stable
and of finite character every overring of R has the same properties 17,
Lemma 3.4 , and thus E is of finite character. It follows that T is the
product of the finite number of maximal ideals of E containing it.
LEMMA 5.3. Let R be a Clifford regular domain of finite character and let
Ž .T be an idempotent fractional ideal of R. If E End T and E denotes the
Ž .integral closure of E, then End TE  E.
Proof. T is an idempotent ideal of E; if T E, then the claim is
obvious. So let T E; then TE is a proper idempotent ideal of E. As
noted in the proof of Lemma 5.2, the hypothesis on R implies that E is a
Prufer domain of finite character. Hence, by Lemma 5.2 or by Theorem¨
 3.1 in 5 , TE is a product m  m  m , where the m s are idempotent1 2 n i
maximal ideals of D TE : TE. If P m  E, then clearly m  P D.i i i i
Consider P m  E; then T P   P , and by Lemma 5.1, P is ai i 1 n i
maximal idempotent ideal of E for every i. This implies that the ideals Pi
are also maximal ideals of E. Thus TE P  P D E implies D1 n
E : P  P ; but E : P  E for every i, since P is a maximal idempotent1 n i i
ideal of E. Hence D E.
COROLLARY 5.4. Let R be a Clifford regular domain of finite character,
and let I be an ideal of R with endomorphism ring E. If E denotes the integral
Ž .closure of E, then End IE  E.
Proof. By Proposition 1.2, E is also the endomorphism ring of the trace
2Ž .  T I I : I of I. Moreover, since IE is clearly regular, the endomor-
phism ring of IE equals the endomorphism ring of its trace. By Lemma 2.7
the trace of IE is TE; hence the conclusion follows by Lemma 5.3.
By the preceding results we know some properties of a semilocal
Clifford regular domain, but the structure of such a class of domains is far
from being understood. We add some more information.
LEMMA 5.5. Let R be a local finitely stable and L-stable domain with
principal maximal ideal m. Then R is a aluation domain.
 Proof. We imitate the proof of Lemma 4.5 in 17 . Let a be a generator
of m. Consider the prime ideal P anR. If P 0, then clearly R is an
1 valuation domain. Let P 0; then R  R and PR  P. To concludeP Pa
our proof it is enough to show that R is integrally closed, since R is
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1 finitely stable by hypothesis. Let x be an element in R  R. Since R  RP a
it is straightforward to check that x cannot be an element of R . LetP
S R Rx; since R is finitely stable, S is an overring of R 19, Proposi-
 2tion 2.1 . Consider J R  Rx; J is a fractional ideal of R and J  RP P
 R x Rx2 SR . Then J 2 is a ring, and by the hypothesis of L-stabil-P P
ity of R, we must have J : J SR . Hence R J J, which impliesP P
xR x J; in particular,  t rx for some t R and r R. It followsP Pa
Ž .that x 1 ra  R , and, since 1 ra is a unit of R, we obtain x R ,P P
which is impossible. Hence R is integrally closed.
COROLLARY 5.6. Let R be a local Clifford regular domain with principal
maximal ideal m. Then R is a aluation domain.
Proof. Immediate by the preceding lemma and by Lemma 2.6.
We generalize now the notion of local invertibility, which was the key
condition in proving that an integrally closed Clifford regular domain is of
finite character.
DEFINITION 4. A domain R is said to have the local stability property if
every locally stable ideal is stable.
LEMMA 5.7. A Clifford regular domain has the local stability property.
Proof. Let I be a locally stable ideal of R and let E I : I. Consider
Ž .the trace ideal T I E : I of I in its endomorphism ring. Let m be any
maximal ideal of R; by the hypothesis of regularity of R and by Proposi-
tion 2.8, T coincides with the trace of I . By the local stability of I, Tm m m
coincides with the endomorphism ring I : I of I . Hence E  T  E ,m m m m m m
Ž .for every mMax R yielding the wanted conclusion T E.
Observe that the local stability property is inherited by fractional over-
rings; hence in view of Theorem 4.4, we are tempted to conjecture that a
Ž .finitely stable domain satisfying the local stability property is necessarily
of finite character.
The best result we can prove regarding the necessity of the finiteness
condition on a Clifford regular domain is illustrated by Proposition 5.9,
 which is a generalization of Proposition 4.2 in 4 . Before proving the
proposition we state an easy technical lemma.
LEMMA 5.8. Let A be a stable ideal of a domain R with endomorphism
ring E. If D is any oerring of E and S is any multiplicatiely closed subset of
R, then
E  A : A and D : A D : A .Ž . SS S S S S
Proof. A is a finitely generated ideal of E; hence AD is also a finitely
Ž . Ž .generated ideal of D. Thus E  AE : AE ER  A : A and D : AS S S S S
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Ž . D : AD DR D : A , since E and D are localizations of E andS S S S S
D.
Ž . Ž .As in Section 4, we denote by T R the subset of Max R consisting of
Ž .the maximal ideals mMax R such that there exists a finitely generated
Ž .  4ideal A of R with  A  m .
PROPOSITION 5.9. Let R be a finitely stable domain satisfying the local
stability property. Then eery nonzero element of R is contained in at most a
Ž .finite number of maximal ideals of T R .
 4 Ž . Ž .Proof. Let 0 x R and let m  x  T R . We must show 

that 
 is finite. Assume, by way of contradiction, that 
 is infinite and
Ž .choose, for every  , a finitely generated ideal A of R satisfying  A 
 4 m ; we may assume that x A . Let E denote the endomorphism  
ring of A and consider B  E : A  A : A2 . Since R is finitely stable     
by hypothesis, A is stable, and, applying Lemma 5.8, it is straightforward
to check that the following hold, for every  :
Ž .a E R  R , for every mMax R, mm , and B R  m m   m
Ž .  4E R : A R ; hence  B  m . m  m   
Ž .b B is stable with endomorphism ring E . 
Since x A , we have x 2B  A  R, for every  ; hence BÝ B   
 
Ž .is a nonzero fractional ideal of R. By a above, we see that
Ž .  4c BR  R , for every m m and BR  B R .m m  m  m 
This means that B is locally stable and hence is stable by hypothesis. Let
E denote the endomorphism ring of B; since B is finitely generated over
E, we can write B B E B E B E, for some  
. This   i1 2 n
implies B  B E B E and  1 n
E : B  E : B   E : B  E : BŽ . Ž .  1 n
Ž .for every 
. Using Lemma 5.8 and c , it is easy to check that
 4ER  R for every m m and that ER  E R ; hence E E ,m m  m  m  
for every  . It follows that we can further apply Lemma 5.8 to obtain
Ž . Ž .E : B R  ER for every mm and E : B R  E R : B R m m   m  m  m  
 4 A R . Consequently, for every   , . . . ,  , we have m 1 n
A R  E : B R  E : B R   E : B R  E R ,Ž . Ž . Ž . m  m  m  m  m  1  n  
contradicting the hypothesis A m . 
Another possible way to prove the necessity of the finite character
condition for a Clifford regular domain R would be to show that the
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integral closure of R is Clifford regular too. In fact, in this case R is of
finite character by Theorem 4.5, and the same would hold for R.
6. QUESTIONS AND EXAMPLES
In Section 2 we have shown that the class of Clifford regular domains
contains the class of stable domains and is contained in the class of finitely
stable domains. Both inclusions are proper; in fact, every Prufer domain is¨
finitely stable, but only the Prufer domains of finite character are Clifford¨
regular. Moreover, a Prufer domain is stable if and only if it is of finite¨
character and strongly discrete, i.e., every nonzero prime ideal is not
Ž  .idempotent see 16, Theorem 4.6 ; hence there exists a large amount of
integrally closed nonstable Clifford regular domains. The classification of
 stable domains obtained by B. Olberding in 18 shows that there exists a
large class of stable domains which are neither noetherian nor integrally
closed. Furthermore, Olberding exhibits an example of a noncoherent
 stable domain 18, Sect. 5 ; hence there are noncoherent Clifford regular
domains.
We give now an example of a Clifford regular domain which is neither
stable nor integrally closed.
EXAMPLE 6.1. Let k be a field and let K be an extension field of k0 0
 such that K : k  2. Consider a valuation domain V of the form KM0
where M is the maximal ideal of V and assume M 2M. Let R be the
domain k M. The ideals of R can be easily described: they are either0
Ž  Ž .ideals of V or principal ideals of R see, for instance, 3, Theorem 2.1 n
.for a verification . Thus R is Clifford regular, but it is not stable, since M
is an idempotent ideal of R; moreover, the integral closure of R is V.
We list now some problems and questions; they are related to the
problem of characterizing the class of Clifford regular domains which are
neither stable nor integrally closed, except for the first question, which
concerns Prufer domains.¨
QUESTION 6.2. If a Prufer domain satisfies the local inertibility property¨
is it necessarily of finite character?
Or, in a more general formulation:
Ž .QUESTION 6.3. If a finitely stable domain satisfies the local stability
property is it necessarily of finite character?
Note that Theorem 4.4 answers Question 6.2 affirmatively if the local
invertibility property is also satisfied by some particular overrings of the
Prufer domain.¨
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If a domain R is stable, then every overring of R is again stable 17,
Theorem 5.1 . If R is an integrally closed Clifford regular domain, then R
is a Prufer domain of finite character and thus the same holds for every¨
overring of R. Hence the two subclasses of Clifford regular domains
consisting of the stable and of the integrally closed domains are closed for
overrings. We do not know if this property is satisfied by every Clifford
regular domain. In particular we ask:
QUESTION 6.4. If a domain is Clifford regular, is its integral closure a
Clifford regular domain?
As noted at the end of the preceding section, an affirmative answer to
this question would imply that a Clifford regular domain is necessarily of
finite character. If this were true, then the problem would reduce to the
problem of the characterization of a local Clifford regular domain. The
first question which should be answered to understand the structure of a
local Clifford regular domain is the following.
Ž .QUESTION 6.5. Assume R is a local finitely stable or Clifford regular
Ž .domain with idempotent maximal ideal m such that End m  R. Is R
necessarily a aluation domain?
We note that not every finitely stable local domain is Clifford regular. In
fact, by Lemma 2.6 it is enough to give an example of a local finitely stable
domain which is not L-stable. This is obtained by considering the following
example.
 EXAMPLE 6.6 18, Example 3.7 . Let A be a DVR with quotient field Q
 2 3 and let B be the ring Q x , x . Denote by P the maximal ideal of B and
 let R A P. By Proposition 3.6 in 18 , R is finitely stable, and we show
now that it is not L-stable. Consider JQ Ax P. JP P R; hence
J is a fractional ideal of R. It is straightforward to check that J : J R,
2  but J Q x .
Passing to the global case, we note that Proposition 2.8 illustrates a nice
behavior of the trace ideals of a Clifford regular domain with respect to
localizations. More precisely it shows that for any ideal I of a Clifford
Ž Ž 2 .. Ž 2 .regular domain R and any maximal ideal m of R, I I : I  I I : I .m m m m
In the next lemma, we observe that, in the case where the Clifford regular
domain R is stable or integrally closed, then it satisfies a stronger
condition.
LEMMA 6.7. Let R be a stable or an integrally closed Clifford regular
domain. If I is any ideal of R and m is any maximal ideal of R, then the
following hold:
Ž .1. I : I  I : I .m m m
Ž 2 . Ž 2 .2. I : I  I : I .m m m
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Proof. The validity of 1 and 2 for a stable domain has been established
 in the proof of Lemma 4.3 in 16 , while condition 1 has been proved for
 any Prufer domain of finite character in Proposition 2.6 in 5 . It remains¨
to verify 2 for a Prufer domain of finite character. If m does not contain I,¨
Ž .  4then 2 is easily checked. So assume  I  m, m , . . . , m , and denote1 n
Ž I . 2 Ž I . Ž 2 . Ž 2 .R  R . Then I : I  R  I : I  I : I . Ton I n m m 1	 i	 n m mi iŽ I . Ž 2 .  prove 2 we first show that R  I : I . By Lemma 2.13 in 4 , therem m m
Ž . Ž .exists a finitely generated ideal J contained in I such that  I  J .
Ž 2 . Ž 2 . Ž .Using the equality I : J  I : J since J is finitely generated , it ism m m
easy to conclude that RŽ I . RŽ J . I : J 2  I : I 2 . It remains to showm m m m m m
Ž 2 . Ž 2 .that I : I  I : I for every i 1. Let P be the greatest primem m m m m ii i
Ž 2 . Ž 2 .ideal of R contained in mm ; then I : I  I : I . Hencei m m m m m Pi i i i i
Ž 2 . 2the conclusion will follow by observing that J : J  J : J for everyP P P
ideal J of a valuation domain V and every prime ideal P of V. In
Ž fact, by well-known properties of ideals of a valuation domain see 5,
.Sect. 1 J is either J or a principal ideal rV of V , where r V satisfiesP P P
1r J V.
We do not know if every Clifford regular domain satisfies the two
conditions of the preceding lemma; the answer is unknown to us, even
assuming that the Clifford regular domain is of finite character.
Note that Proposition 2.8 states a necessary and sufficient condition
under which a locally Clifford regular domain is Clifford regular. Our last
question asks whether this condition may be replaced by the finite charac-
ter condition, namely:
QUESTION 6.8. If a domain R is of finite character and locally Clifford
regular, is R Clifford regular?
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